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ABSTRACT. This article discusses the question - how to estimate the number of 
solutions of algebraic Diophantine equations with natural coefficients using Circular method 
developed by Hardy and Littlewood. This paper considers the estimate of the number of 
solutions of algebraic Diophantine equation: 1 21 1 2 2 ...
skk k
s sc x c x c x n    . The author found the 
asymptotic estimate for the number of solutions of this equation as a function of the value n , if 
all coefficients and n  are natural. This article analyzes the results and shows that these estimates 
of the number of natural solutions of the equations have high accuracy. 
 
1. INTRODUCTION 
This article discusses the question - how to estimate the number of solutions of algebraic 
Diophantine equations with natural coefficients using Circular method (CM) developed by 
Hardy and Littlewood [1]. CM allows determining the number of solutions of Diophantine 
equations (without finding the solutions themselves) and the asymptotic behavior of the number 
of solutions for certain types of algebraic Diophantine equations. 
We consider algebraic Diophantine equation: 
 1 21 1 2 2 ...
skk k
s sc x c x c x n    ,        (1) 
where all coefficients are natural numbers and n  is also natural. Then the equation (1) has a 
finite number of non-negative or positive integer solutions (we consider that the number of 
solutions is equal to 0 in the absence of solutions). In the case CM provides asymptotic number 
of solutions to the equation (1) depending on the value n .  
____________________________________________________________________________ 
Keywords: algebraic Diophantine equation, Circle method of Hardy and Littlewood, 
Lemma Hua, asymptotic estimate, number of solutions, natural solutions. 
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Let introduce the notations ( ), ( )s sR n R n
 as respectively the number of non-negative and 
positive integer (natural) solutions of equation (1). There are generating functions for the 
sequences ( ), ( )s sR n R n
  respectively: 
0
( ) ( ) nst R n t

 ,               (2) 
1
( ) ( ) nst R n t

  ,         (3) 
if these series converge for values | |t R . 
Let us consider the number of positive solutions of the equation: 
1 1 2 2 ... s sa x a x a x n    ,        (4) 
where all ia  are natural numbers and 
1
s
i
i
n a

 . 
It is known that this equation has a natural solution if n is multiple of the greatest 
common divisor ia . The value is ( ) 0sR n
   in other cases. 
The generating function of the number (natural) solutions of the equation (4) is equal to: 
1 1
11 1 1
( ) ( ) ( )...( )s s
s
a xa xn
s
x x
t R n t t t
  
 
 
    .       (5) 
Since all of the series in (5) converge for values | | 1t  , we get: 
1 1
1
( ) ( ) ... / (1 )..(1 )s s
a aa an
st R n t t t t t

     .     (6) 
Similarly (6) the generating function of the number non-negative integer solutions of the 
equation (4) is equal to: 
1 1
10 0 0
( ) ( ) ( )...( )s s
s
a xa xn
s
x x
t R n t t t
  
 
    .       (7)  
All the series (7) converges for values | | 1t  , so we get: 
1
0
( ) ( ) 1/ (1 )...(1 )s
aan
st R n t t t

    .       (8) 
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Based on (6) (8) we obtain the generating functions of the number of solutions to the 
equation: 
1 2 ... sx x x n    ,         (9) 
where n s . 
The generating function of the number natural solutions of the equation (9) (on the basis 
of (6)) is equal to: 
1
( ) ( ) / (1 )n s sst R n t t t

    .       (10) 
Similarly (10) the generating function of the number non-negative integer solutions of the 
equation (9) (on the basis of (8)) is equal to: 
0
( ) ( ) 1/ (1 )n sst R n t t

   .       (11) 
Let introduce the notations for the analytic continuation of the generating functions (2), 
(3) to the complex domain | |z R  respectively: ( ), ( )z z  .     (12) 
The functions (12) are analytic in the area | |z R , so they can be differentiated term by 
term in this field as many times based on Cauchy and Taylor theorems (complex analysis) and 
the following formulas are true: 
1 ( ) 1
0
| |
( ) [ ( ) / ,0] 1/ !lim ( ) 1/ 2 ( ) /n n ns
z
z R
R n Res z z n z i z dz z    


    ,  (13)  
1 ( ) 1
0
| |
( ) [ ( ) / ,0] 1/ !lim (0) 1/ 2 ( ) /n n ns
z
z R
R n Res z z n i z dz z        


    .  (14) 
Generating functions (6), (8) are analytic for the values | | 1z  , so (based on (13) (14)) the 
following formulas for the number of solutions of the equation (4) are true:  
1 1... 1
| | 1
( ) 1/ 2 / (1 )...(1 )s s
a a aan
s
z
R n i z dz z z z   

   .     (15) 
11
| | 1
( ) 1/ 2 / (1 )...(1 )s
aan
s
z
R n i dz z z z 

   .      (16) 
Generating function (10), (11) are analytic for the values | | 1z  , so (based on (13) (14)) 
the following formulas for the number of solutions of the equation (9) are:  
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1
| | 1
( ) 1/ 2 / (1 )s n ss
z
R n i z dz z z 

  .        (17) 
1
| | 1
( ) 1/ 2 / (1 )n ss
z
R n i dz z z 

  .        (18) 
The integrals (15) - (18) can be found with the help of deductions for the number of 
solutions of the equations (4), (9) for small values n . 
For example, we find the number of solutions to the equation (19) of the type (9): 
1 2 3 4 5 1x x x x x     .         (19) 
Based on (18) we get the number of non-negative integer solutions of the equation (19): 
2 5 2 5 5
5
| | 1 0
(1) 1/ 2 / (1 ) [1/ (1 ) ,0] lim((1 ) ) 5
z z
R i dz z z Res z z z 
 
       . 
On the basis (17) we obtain the number of positive integer solutions for the equation (19): 
5 2 5
5
| | 1
(1) 1/ 2 / (1 ) 0
z
R i z dz z z

   , 
since there is the analytic function under the integral. 
Now we find the number of natural solutions to equation (20) of the type (4): 
1 23 2 5x x  .           (20) 
Based on formula (15) the number of natural solutions of the equation (20) is equal 
to:
5 6 3 2 3 2 3 2
2
| | 1 0
(5) 1/ 2 / (1 )(1 )$ [1/ (1 )(1 ),0] lim1/ (1 )(1 ) 1
z z
R i z dz z z z Res z z z z z
 
          . 
On the basis (16) the number of non-negative solutions of the equation (20) is equal to: 
6 3 2 6 3 2
2
| | 1
(5) 1/ 2 / (1 )(1 ) [1/ (1 )(1 ),0]
z
R i dz z z z Res z z z

      .   (21) 
Thus, the calculation of (21) we are faced with the difficulty of calculating the value of 
the residue at the pole 6 of the order (for relatively small value n ). In general, the method for 
calculating integrals (15) - (18) through a deduction is not suitable for large values of the order 
of the pole, so we need asymptotic estimate these integrals on top by value n . 
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Estimating the number of natural and non-negative solutions of the equation (9) is known 
- 
1
1
s
n
C


. There is showed (by CM) [2] that the number of asymptotic solutions of the equation (4) 
is equal to 1
1
/ ( 1)!
s
s
i
i
n s a

  . We consider the more complex cases in this paper. 
2. ESTIMATIONS OF THE NUMBER OF SOLUTATIONS OF ALGEBRAIC 
DIOPHANTINE EQUATIONS WITH NATURAL COEFFICIENTS  
 Let us consider the equation: 
1 2 ...
k k k
sx x x n    ,         (22) 
where all ix are natural numbers, and n is a large integer. 
Equation (22), in contrast to (9), has no solutions for all values n . We do not talk about 
the conditions of existence of solutions to the equation (22). It is important for us that the 
number of natural solutions in their absence is 0. We need to find the asymptotic behavior of the 
number of natural solutions of the equation (22) if it has is a natural solution. 
Hardy and Littlewood find the asymptotic behavior of the number of representations of a 
number n  as a sum of k powers of natural numbers with the values of 2ks  with his method 
(1): 
1 / 1 / 1( ) (1 1/ ) ( / ) ( ) ( )p s k s ksR n k s k n n O n
         ,     (23) 
where  (x) is gamma function, ( )n is the sum of the series,   is a small positive real number. 
The number of natural solutions of the equation (22) is the number of representations 
received by the formula (23) multiplied by the number of possible permutations of 
variables ! 1s  , if n  is multiple s  (one must subtract one permutation with equal values): 
1 / 1 / 1( ) ( ! 1) (1 1/ ) ( / ) ( ) ( )s k s ksR n s k s k n n O n
           .     (24) 
It must be !s  instead of the value ! 1s  in (24), if n not divisible by value s , since there 
are not repeated values in permutations. 
The following relation is satisfied:  
1(1 1/ ) ( / ) 1k s k      и  ( )n n  ,      (25) 
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if the values 1k  and 2ks  . 
Based on (23) and (25) the asymptotic estimate of the number of representations of a 
number n  as a sum of k powers of natural numbers (if the values 1k   and 2ks  ) is: 
/ 1p s k
sR n
  ,         (26) 
where  is a small positive real number. 
Based on (26) the asymptotic estimate of the number of natural solutions of the equation 
(22) is: 
/ 1( ) ( 1)! s ksR n s n
    ,         (27) 
if 2ks  . 
However, we can define an asymptotic estimate of the number of natural solutions of the 
equation (22) for the case 2ks  . 
Vinogradov [3] obtained the following formula to determine the number of 
representations of a number n  as a sum of k powers of natural numbers: 
1
2
0
( ) ( )p s xnsR n f x e dx
  ,         (28) 
 where 
1/[ ] 2
1( )
k kn xm
mf x e

  ,          (29) 
 and [ ]A  is integer part of the number A . 
Based on (28), (29) the following estimate is performed: 
1 1
2
0 0
| ( ) | | ( ) | | ( ) |p s xn ssR n f x e dx f x dx
   ,      (30) 
as 2| | 1xne   . 
Thus, we need the upper bound of the integral - 
1
0
| ( ) |sf x dx . 
It is known Hua’s lemma [4]. Let1 j k  . Then performed
1
2 2
0
| ( ) |
j j jf x dx N   , 
where 1/[ ]kN n  and  is a small positive real number. 
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We use the fact that every positive integer s can be expressed as a sum of powers of 2 
with nonnegative integer indices: 12 ... 2 t
jjs    , where 1 ... , ( 0)t ij j j   . 
Therefore, we get (based on the Cauchy-Schwarz inequality and (30)): 
11 112 2 2 1/2
0
| ( ) | .. | ( ) | ( | ( ) | )
jj jt
f x f x dx f x dx

  
2 121 12 1/4 2 1/2
0 0
( | ( ) | ) ... ( | ( ) | )
j tj tt
f x dx f x dx
 
   .  (31) 
Based on (31) and Hua’s lemma we get: 
... 1 11
1 1
1
2 ( ( )/2 ( )/2 ) ( ( )/2 ( )/2 )
0
( ) | | ( ) |
j j t i t t i tt
i i t i i tj i j t s j i j tp s
sR n f x dx N N
   
               . (32) 
Inequality (32) is performed at 1 21 [log ( )] 1j s k     ( 2
ks  , 1 ... tj j  ). 
Based on (32) and 1/[ ]kN n  we get: 
1
1
1
( ( ( )/2 ( )/2 ))/
0
( ) | | ( ) |
t i t
i i ts j i j t kp s
sR n f x dx n

             (33) 
at 2ks  . 
We show that 11( ) / 2 ( ) / 2 ))
t i t
i i tj i j t k

     . 
         Since 1 ... tj j  , then 
 11( ) / 2 ( ) / 2 ))
t i t
i i tj i j t

    
1
1( 1) / 2(1 1/ 2 ...1/ 2 ...)
tj     1 21 1 [log ( )]j s k      
Number of natural solutions of the equation (22) is equals to the number of 
representations (formula (33)) multiplied by the number of possible permutations of the variables 
- !s  if s is not multiple of n : 
( ) ! ( )ps sR n s R n
  .          (34) 
It is necessary to substitute the value ! 1s  instead of the value !s  in the formula (34) if 
s is multiple ofn . 
Let us consider the equation: 
1 2
1 2 ...
skk k
sx x x n    ,          (35) 
where 1 2, ,... sk k k are the natural numbers such that: 
8 
 
1 2 11, 2,..., 1, 1s sk k k s k s      .        (36) 
We will not consider the question of solvability of this equation in natural numbers. This 
issue deserves a separate discussion. We are interested in only the upper estimate of the number 
of solutions of this equation in natural numbers where such solutions exist, as if the equation (35) 
is unsolvable in positive integers then the number of its solutions is 0. 
First, we make a preliminary assessment of the top number of natural solutions of the 
equation (35). Following Vaughn [5] we can record that the number of natural solutions of the 
equation (35) is equal to: 
1
2
0
1
( ) ( )
s
xn
s i
i
R n f x e dx 

  ,        (37) 
where  
1/
[ ] 2
1( )
k ki in xm
i mf x e

  .          (38) 
Based on (37): 
1 1 1
2 2
0 0 0
1 1 1
| ( ) | | ( ) | | ( ) | | | | ( ) |
s s s
xn xn
s i i i
i i i
R n f x e dx f x e dx f x dx   
  
         , (39) 
as 2| | 1xne   . 
Based on (39): 
1
0
1 1
| ( ) | | ( ) | max | ( ) |
s s
s i i
i i
R n f x dx f x
 
   .       (40) 
Based on (38): 
1/ 1/ 1/[ ] 2 [ ] 2
1 1max | ( ) | max | | | | [ ]
k k k ki i i i
ikn xm n xm
i m mf x e e n
 
      ,     (41) 
where [ ]A is the integer part of the number A . 
Therefore, based on (40) and (41) we get a preliminary assessment: 
11/
1
| ( ) | max | ( ) |
s
i i
s
k
s i
i
R n f x n 


  .        (42) 
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Now let us make a more accurate top estimate of the number of natural solutions of the 
equation (35). 
Based on (37) we get: 
1 1 1
2 2
0 0 0
1 1 1
| ( ) | | ( ) | | ( ) | | | | ( ) |
s s s
xn xn
s i i i
i i i
R n f x e dx f x e dx f x dx   
  
         , (43) 
as 2| | 1xne   .  
Based on (43) and the Cauchy-Schwarz inequality we obtain: 
1
1 1
2 1/2 2 1/2
1 1
0 0
1 0
| ( ) | | ( ) | ( | ( ) | ) ( | ( )... ( ) | ) ...
s
s i s s
i
R n f x dx f x dx f x f x dx 

        
1 1 1 1
1
1 1 1
2 1/2 4 1/4 2 1/2 2 1/2
2 1
0 0 0
0
1( | ( ) | ) ) ( | ( ) | ) ... ( | ( ) | ) ( | ( ) | )
s s s s
s sf x dx f x dx f x dx f x dx
   
         (44) 
Let we denote
1/ ik
iN n , then we obtain using (44), Lemma Hua and (36): 
1 1 1 1 1 1 1
1 1 1 11 2 (2 1 )/2 (2 1 )/2 (2 1 )/2 (2 1 )/2(1 )/2 (2 )/4
1 2 1| ( ) | ...
s s s s s i i s s
s s i i s i ss s i k s k
s s sR n N N N N n
      
                 
      .(45) 
It becomes clear (46) that (45) is more accurate:  
1 1 1
11 1(2 1 )/2 (2 1 )/2 1/
s i i s s s
i i s i s i ii k s k kn n
  
           .      (46). 
3. ANALYSIS OF THE RESULTS 
Let us analyze the results. Based on (45) we get (for the value 2s  ): 
1 21/2(1/ 1/ ) 1
2 ( )
k kR n n    ,         (47) 
where 1 is a small positive real number. 
On the basis of (47) we obtain (with values 1 2k k k  ): 
1/ 1
2 ( )
kR n n  .          (48) 
Qualification (48) coincides with (33), which indicates the high accuracy (45). 
Based on (45) (for values 3s  ) we obtain: 
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1 2 31/2(1/ 1/ 1/ ) 2
3 ( )
k k k
R n n
    ,         (49) 
where 2 is a small positive real number. 
On the basis of (47) (with values 1 2 3k k k k   ), we obtain: 
3/2 2
3 ( )
kR n n  .          (50) 
Note that formula (50) coincides with (33) that indicating about the high accuracy of the 
formula (45). 
Based on (45) we get (for the value 4s  ): 
1 2 3 41/2(1/ 1/ ) 5/8(1/ 1/ ) 3
4 ( )
k k k k
R n n
     ,        (51) 
where 3 is a small positive real number. 
On the basis of (51) we obtain (for values 1 2 3 4k k k k k    ): 
9/4 3
4 ( )
kR n n  .          (52) 
Note that using (33) we get: 
2/ 4
4 ( )
kR n n  .          (53) 
Estimate (53) is slightly better than the estimate (52). 
Estimate (45) is sufficiently effective as formula (45). Since the formula (45) is valid for 
different values ik  and the formula (33) is valid only for the same values. 
4. CONCLUSION AND SUGGESTIONS FOR FURTHER WORK 
The next article will focus on the estimations of the number of solutions of homogeneous 
algebraic Diophantine equations with integer coefficients. 
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